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The high specific strength and stiffness of composite materiala 
has led to their widespread use in efficient structures. Since .most of 
these structures are subjected to cyclic loads which can lead to rapid 
degradation in load carrying capability, initial inspection and 
continued monitoring of these materials for detection and sizing of 
strength degrading flaws is necessary in order to ensure adequate 
structural reliability. Unfortunately, many of the current inspection 
techniques can not be directly utilized for this purpose because of the 
inhomogeneous, anisotropic nature of composites. In addition, the types 
and numbers of.internal flaws that must be detected and quantified for 
structural integrity models differ substantially from those 
traditionally encountered. Currently the most useful technique for 
inspecting composite structures is ultrasonic c-scanning which was 
developed to inspect homogeneous, isotropic materials, i.e., metals. 
Before this technique can be fully exploited for inspecting composites, 
a firm understanding of the interaction between ultrasonic waves and the 
material is necessary. 
In a recent paper [1], we presented theoretical and experimental 
results for the reflection of acoustic waves from liquid-fibrous 
composite interface. Due to the complicated nature of the composite we 
were able to only treat the case of normal incidence along the fibers 
directions. This reduced the problem to a one-dimensional one and hence 
resulted in a restricted and somewhat unrealistic situation. For 
ultrasonic technique applications what is required is the ability to 
analyze situations in which the wave is incident at arbitrary angle. 
Analysis of such general situations are, however, difficult to handle. 
A relatively simpler two-dimensional composite which can be 
analyzed for an off-normal incident angle consists of a bilaminated 
model bonded and stacked normal to the x3-direction and occupies the 
half-space x2 ~ O. The composite is immersed in water such that 
the x2-direction is normal to the fluid-composite interface and that the 
wave is incident from the fluid in the x1, x2 plane. For this model we 
wish to calculate the reflection coefficient and the characteristic 
equation for the propagation of water-composite interfacial waves. 
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In order to do so we must solve the field equations in the fluid 
and in the composite media and then satisfy the appropriate interfacial 
continuity conditions. Because of the complex microstructure of 
composites, continuity conditions exist on both macro- and mi~ro-scales. 
On the macro-scale the continuity conditions across the fluid-composite 
interface must be satisfied, while on the micro~scale appropriate 
conditions along the !aminate interfaces must be fulfilled. Due to the 
number and nature of these conditions exact solutions would be 
exceedingly difficult, if not impossible, to obtain. As an alternative 
we shall formulate an approximate analysis in which the composite is 
replaced by a homogeneous yet dispersive medium. In the process of 
replacing the composite with such a material model, the micro continuity 
conditions will be utilized. 
CONTINUUM MODELING 
Formulat ion 
Due to the symmetry of layering and loading we isolate the smallest 
repeating unit cell which obviously consists of two half-laminates with 
the thicknesses h1 and h2, respectively bonded at their interface. For 
the convenience of the following analysis we choose a local coordinate 
x~a) for each !aminate (here a= 1,2 which designates materials 1 and 2, 
respectively). With reference to this micro-coordinate, material t 
extends from O~ x~ 1 )~ h1 and material 2 extends from -h2 ~ x~2 ) ~O and 
hence the interface is located at x~1 ) = h1 and x~2 ) =- h2• This also 
implies that the center lines of the laminates are located at x~a)= O. 
In terms of the global coordinates xi, i • 1, 2 and the local micro-
coordinate x~a) we write the relevant field equations and associated 
interface and symmetry conditions for each rr.aterial !aminate as 
( 1) 
(2) 
(3) 
i 1. 2 ( 4) 
which hold for each material a, and 
(5) 
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at the interface xj1> = h1 and x~2 ) s -h2 , and 
(a) (a) (a) oi3 = O, u3 • O , at the center lines x3 • (6) 
Here i = 1,2 refers to the global coordinates x1 and x2, respectively; 
oij' oi3, o33 are the componenta of the stress tensor; ui and u3 are the 
displacement componenta; p, A and ~ are the material density and Lame 
constanta. In the above equations the usual tensorial summation 
convention holds. 
Averaging 
If equations (1) and (2) are averaged across their respective 
thicknesses according to 
a= 1,2 (7) 
and the appropriate symmetry and continuity conditiona (5) and (6) are 
utilized we get 
p n u(a) 
a a i 
-(a) 
aoij 
- n --= 
a axj (-1)a+1 p i i,j- 1,2 
n ~(a) -An ;<a)6 - 211 n ;<~) = (-1)a+1A S6 . 
a ij a a ij ,.a a iJ a iJ 
(8) 
(9) 
where na = (ha/h), with h = (h1 + h2) designate the volume fraction of 
material a and Pi and Sare momentum and constitutive relations 
interaction terms given by 
( 1 O) 
Evaluation of Interaction Terms 
Once Pi and S are determined as functiona of the field variables 
~~;> and u~a) we would have effectively reduced the problem into a two-
dimensional one. The constitutive relations (3) and (4) will now be 
used to determine such relations. To this end we assume, guided by the 
continuity and symmetry conditiona (5) and (6) and by the definition of 
(a) Pi in (10), that oi3 is expanded lineary as 
( 11 ) 
Substituting rrom (11) into (3) for a= 1 and 2, respectively, 
multiplying the resulting equation by xja) and integrating according to 
(7) by parts gives (see [2]) 
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~( 2 ) - u( 2)(h ) , (12) 
i i 2 
Now, since symmetry requires that 
( 13) 
equations (12) can be combined to yield 
( 1 4) 
Furthermore if we average equation (4) for each material a 
. -(1) -(2) 
according to (7) and equate the results, 1.e., o3 ~ o33 we get 
S =leA ~(2)- A ~(1)) E = A1 + 2v1 + A2 + 2v2 
E 2 1 n1 n2 
(15) 
QUALITATIVE DISCUSSION OF THE CONTINUUM MIXTURE EQUATIONS 
With reference to the fact that P. and S are found tobe functions 
1 
of oi(~) and ~~a) (i = 1,2), the simply coupled equations (8) and (9) J . 1 
comprise a two-dimensional mixture system for the laminated composite. 
The analysis which was conducted amounted to exchanging the 
x3-dependence with the coupling terms Pi and S through satisfying the 
appropriate symmetry and interfacial continuity conditions. This 
effectively reduced the problem from a three to a two-dimensional one. 
In general, the resulting system of equations is dispersive. It also 
retains the integrity of the propagation process in the individual 
constituents and allows them to coexist under the derived interaction 
terms. In particular, information as to the distribution of stresses 
and displacements in the individual constituents a are readily 
obtainable. 
As a further observation, assuming the left hand side of equation 
(8) stays finite while letting h~o dictates (see equations (14)) that 
-(1) -(2) -
u1 ~u 1 = ui. For this limiting case the sum of equations (8) for 
a = 1 and a = 2 yields 
i 1, 2 ( 16) 
as a momentum equation with the effective composite density and stress 
( 17) 
Also in this limit (i.e., h~O) equation (15) reduces to 
s (18) 
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Substituting from (18) into (9) and again summing for a = 1 and a 2 we 
get the effective two-dimensional constitutive relation 
(20) 
define effective mixture elastic constanta. This limit, (i.e., h~O) 
which can also be designated as the "strong coupling" limit is 
equivalent to the so-called "zero frequency" limit of the laminated 
composite. Here the composite is replaced by a hamogenized and 
nondispersive medium whose properties are weighted functiona of the 
individual constituents properties and volume fractions. Furthermore, 
in this limit each composite constituent loses its own identity. 
Finally, in the limit as h~"", (also designated as the "weak coupling" 
case), the interaction term Pi drops out and both composite constituents 
behave, more or less, independent of each other. This is also 
equivalent, except for the small interaction due to the constitutive 
relations interaction term S, to uncoupling of equations (8) and (9). 
THE PROPAGATION OF SURFACE WAVES 
In this section we use the representative coupled mixture equations 
(8) and (9) ta derive the characteristic equation for the propagation of 
surface waves on the free surface of the composite half-space. The fact 
that we are using these coupled equations will lead to a dispersive 
behavior of the medium which otherwise is absent for homogeneous 
materiala and also for the homogenized composite (i.e., in the zero 
frequency limit). 
To this end substitution from (9) into (8) and noting that Pi, S, 
;<a) and e~~) are functiona of the displacements ~~a) results into four 
coupled equations 
-(a) 
<le 
-[An--+ 
a a Clxi 
(-1)a+1 0 as P lJ 0 
a <lxi + i = 
(i • 1,2 and a= 1,2). For harmonic waves propagating in the x1 
direction these four equations admit the formal solutions 
(22) 
(23) 
where U~a) are displacement amplitudes, ţ is the wave number, c = w/ţ 
(with w being the circular frequency) is the phase velocity and nţ is 
the x2-direction component of the wave number. With reference to 
equation (23) for surface waves to exist n must have positive complex 
part. If (28) is substituted into (22) we get the characteristic 
equation relating n to c and ţ as 
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e:D13 o 
e:D22-1 o e:D24 o ( 24) 
o e:D33-1 
o e:D24 e:D44-1 
o,, 
-
2 2 2 2 
033 p1c - z11 n - \.11 044 = P2° - z22n - \.12 
013 -n(~ 1 +"A,> • 024 = -n(~2 + Ă2) 
E = h2~2/K = h2ltc2K , 
p = pini, A.i = A.ini' \li = \li ni • 
( 25) 
Equation (24) admits four solutions for n2 as compar.ed with two 
solutions for homogeneous materiala or for the homogenized (zero-
frequency limit) composite. Results for these two cases can, however, 
be obtained as special cases. Specifically, in the limit as e:~o. (i.e., 
the zero frequency limit) equation (24) correctly predicts the two 
2 
effective composite values of n as 
1.0 r------------...., 
"b- -1.0 
Fig. 1 Variation of n2 with -2.0 
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frequency for a boron-
aluminum composite. 
(26) 
( 27) 
are the effective static mixture longitudinal and shear wave speeds, 
respectively. Furthermore, equation (24) also correctly predicts the 
results for the weak coupling limit by taking the limit as g~oo. For 
this limit equation <24) yields the four uncoupled solutions for n2 as 
1 , a 1 '2 ( 28) 
where again c(a) =[(A + 2~ )/p J112 and cT(a) = (~ /p )112 are the L a a a a a 
actual longitudinal and shear wave speed for material a, respectively. 
Notice that the above two limiting cases lead to non-dispersive behavior 
of the composite and hence to no microstructure influence. In order to 
include the influence of microstructure we thus have to examine the 
behavior of equation (24) for arbitrary frequency ranges. This is 
demonstrated numerically in figure 1 for a Boron-Aluminum composite 
whose component properties listed in [3]. As the figure indicates, two 
of the roots n2 vary from the appropriate mixture value at zero 
frequencies to those associated with the softer material at large 
frequency ranges. On the other hand, the remaining two roots converge 
to those associated with the stiffer material as Q~oo(Q = wh/cT) and 
increase without limit at some cut-off value of Q. Examination of these 
two latter roots reveals that they cannot support the existence of 
propagating surface waves on the composite. This can also be seen from 
the limiting values (28). Here, with reference to (23), in order for 
surface waves to exist, all n~~~ 2 of (28) must be negative to insure 
bondedness at large values of x2 • This implies that c must be smaller 
than the smallest of c~a) and c~a) which yields the condition c < cT of 
the softer material. Furthermore, the fact that the stiffer material 
roots also tend to blowup at lower frequency ranges suggest that their 
associated waves will rapidly damp out and hence contribute very little 
to the wave amplitude. Thus, only the two mixture roots which also 
converge, at high frequency ranges, to those associated with the softer 
material can support the existence of surface waves. Identifying these 
roots by n1 and n2 (their actual values will be obtained numerically) we 
can proceed to derive the required characteristic equation. 
Using superposition, we now write (23) as 
( 29) 
substituting from (29) into (19) and ~nvoking the stress-free 
(i.e., o12 =O and o22 O) boundary conditions at x2 =O yields the 
characteristic equation 
o ' ( 30) 
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(31) 
and p , A , ~ and E = (A + 2~ ) are given in equations (17) and (21). 
o o o o o o 
Through the dependence of n1 and n2 (and hence 61 and 62) on the 
frequency, equation (30) thus reflects the dependence of the phase 
velocity o on the frequency. It can be easily shown that equation (30) 
also contains the characteristic equation for the single hornogeneous 
material. Numerical illustrations of the relation (30) will be 
carried out later on. 
DERIVATION OF REFLECTION COEFFICIENT 
In order to determine the reflection coefficient for a plane wave 
incident rrom a liquid half-space onto the laminated composite half-
space we need to supplement the solid's formal solutions (29) and (19) 
with those pertaining to the fluid. To this end, the relevant field 
equations for the fluid admit the formal solutions 
(32a) 
(32b) 
( 32c) 
(37d) 
and Af = pfc~ with Pr being the fluids density and cf the fluids wave 
speed. Equations (32a,b,c) are now used together with the composites 
field equations (29) and (19) to determine the reflection coefficient. 
To this end, satisfying the appropriate interfacial continuity 
conditiona, namely uf2 = u2, of22 = o22 and o12 = O at x2 = O and 
setting the reflection coefficient as R = a21a1 one finally writes 
(33) 
z1 (34a) 
(34b) 
Once again, since n1 and n2 (and hence 61 and 62) are frequency 
dependent, the reflection coefficient will thus depend upon the 
frequency. Futhermore, the expression (33) for the reflection 
coefficient contains, as a by-product, the characteristic equation for 
the propagation of a modified (leaky) Rayleigh surface wave which 
propagates along the interface between the fluid and the composite. The 
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vanishing of the denominator in equation (33), namely 
z1 + z2 = o , (35) 
yields the characteristic equation for such waves. Notice that in the 
absence of the.fluid, namely for Pr =O equation (35) reducea to 
equation (30). 
RESULTS AND DISCUSSION 
To illustrate the results of our model we have choosen to calculate 
surface wave dispersion characteristics for a Boron-Aluminum composite. 
The individual material properties used in our calculations are 
collected in Ref. [2]. In figure 3 the variation of the surface wave 
velocity is depicted versus frequency. As may be seen, the surface wave 
velocity varies from its effective composite value at zero frequency to 
that of the aluminum at large frequency ranges. As was pointed out 
earlier in conjunction with figure 1, this high frequency limit is the 
only one which is expected to support the existence of surface waves. 
The other potential high frequency limit, namely, the Boron surface wave 
speed limit cannot support surface waves on the composite. This is due 
to the fact that the surface wave speed of Boron is higher than the 
shear wave speed of Aluminum. Moreover, it is also higher than the 
effective (zero frequency limit) surface wave speed of the total 
composite. Finally, in figure 3, we demonstrate the variation of the 
effective composite surface wave speed with the Boron volume fraction. 
As may be seen it varies rrom that of the Aluminum to that of the Boro 
as expected. 
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Fig. 2 Surface wave dispersion relation for a boron-aluminum composite. 
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